The current literature on irreversible investment decisions usually makes the assumption of constant interest rate. We study the impact of interest rate and revenue variability on the decision to carry out an irreversible investment project. Given the generality of the considered valuation problem, we first provide a thorough mathematical characterization of the two-dimensional optimal stopping problem and develop some new results. We establish that interest rate variability has a profound decelerating or accelerating impact on investment demand depending on whether the current interest rate is below or above the long run steady state interest rate and that its quantitative size may be very large. Allowing for interest rate uncertainty is shown to decelerate rational investment demand by raising both the required exercise premium of the irreversible investment opportunity and the value of waiting. Finally, we demonstrate that increased revenue volatility strengthens the negative impact of interest rate uncertainty and vice versa.
Introduction
Most major investments are at least partly irreversible in the sense that firms cannot disinvest. This is because most capital is industry-or firm-specific so that it cannot be used in a different industry or by a different firm. Even though investment would not be firm-or industry-specific, they still could be partly irreversible because of the "lemons" problem meaning that their resale value is often below their purchase cost (cf. Dixit and Pindyck 1994, pp.8-9) . Since the seminal work by Arrow 1968 , 1978 The studies mentioned above, which deal with the impact of irreversibility in a variety of problems and different types of frameworks, have used the assumption of constant interest rate. A motivation for this assumption has been to argue that interest rates are typically more stable and consequently less important than the revenue dynamics.
As Dixit and Pindyck 1994 state:
"Once we understand why and how firms should be cautious when deciding whether to exercise their investment options, we can also understand why interest rates seem to have so little effect on investment. (p. 13)" "Second, if an objective of public policy is to stimulate investment, the stability of interest rates may be more important than the level of interest rates. (p.
50)"
Although this argumentation is undoubtedly correct to short-lived investment projects, many real investment opportunities have considerably long planning and exercise periods, which implies that the assumed constancy of the interest rate is problematic. This observation raises several questions: Does interest rate variability matter and, if so, in what direction and how much? What is the role of stochastic interest rate volatility from the point of view of exercising investment opportunities?
Ingersoll and Ross 1992 have studied the role of variability and stochasticity of interest rate on investment decisions. While they also discuss a more general case, in their model they, however, emphasize the role of interest rate uncertainty and consequently specify the interest rate process as a martingale, i.e. as a process with no drift. It is known on the basis of extensive empirical research both that interest rates fluctuate a lot over time and that in the long run interest rates follow a more general meanreverting process (for an up-to-date theoretical and empirical surveys in the field, see e.g. Björk 1998 , ch 17, and Cochrane 2001, ch 19) . Since variability of interest rates may be deterministic and/or stochastic, we immediately observe that interest rate variability can in general be important from the point of view of exercising real investment opportunities. Motivated by this argumentation from the point of view of long-lived investments, we generalize the important findings by Ingersoll and Ross 1992 in the following respects. First, we allow for stochastic interest rate of a mean-reverting type and second, we explore the interaction between stochastic interest rate and stochastic revenue dynamics in terms of the value and the optimal exercise policy of irreversible real investment opportunities.
We proceed as follows. We start our analysis in section 2 by considering the case where both the revenue and interest rate dynamics are variable, but deterministic. After providing a technical characterization of the considered two-dimensional optimal stopping problem we demonstrate that when the current interest rate is above (below) the long run steady state interest rate, then investment strategies based on the usual assumption of constant discounting will underestimate (overestimate) the value of waiting and the required exercise premium of the irreversible investment policy. We also show a new, though natural, result according to which differences between the required exercise premiums with variable and constant discounting become smaller as the rate of change of interest rate process over time diminishes. In section 3 we extend our model to cover the situation, where the underlying mean-reverting interest rate dynamics is stochastic and demonstrate that interest rate uncertainty strengthens the effect of interest rate variability on the value of waiting and optimal exercise policy. Section 4 further extends the analysis by allowing the revenue dynamics to follow a geometric Brownian motion.
We demonstrate that revenue uncertainty strengthens the negative impact of interest rate uncertainty and vice versa. Finally, there is a brief concluding section.
Irreversible Investment with Deterministic Interest Rate Variability
In this section we consider the determination of an optimal irreversible investment policy in the presence of deterministic interest rate variability. This provides a good intuitive explanation for the simplest case of a non-constant discount rate. We proceed as follows:
First, we provide a set of sufficient conditions under which the optimal exercise date of investment opportunity can be solved generally and in an interesting special case even explicitly. Second, we demonstrate the relationship between the optimal exercise dates with variable and constant discounting when the interest rate is below or above the long-run steady state interest rate. Finally, we show that the value of investment opportunity is a decreasing and convex function of the current interest rate which will be generalized later on for the stochastic interest rate case as well.
In order to accomplish these tasks, we describe the underlying dynamics for the value of investment X t and the interest rate r t as
where µ, α, and β are exogenously determined positive constants. That is, we assume that the revenues accrued from exercising the irreversible investment opportunity increase at an exponential rate and that the interest rate dynamics follow a logistic dynamical system which is consistent with the empirically plausible notion that the interest rate is a mean-reverting process.
Given these assumptions, we now consider the optimal irreversible investment prob- 
where the term
is known as the early exercise premium of the considered irreversible investment opportunity. It is worth observing that (2.4) can also be expressed as V (x, r)+c = x+F (x, r) demonstrating how the full cost of investment, V (x, r) + c, can be decomposed into the sum of the value of the investment project x and the early exercise premium F (x, r).
We now establish the following. 
implying that t * x (x, r) < 0 and t * r (x, r) < 0. In this case, the value reads as
Proof. See Appendix B.
Corollary 2.2 shows that whenever the percentage growth rates at low values of the revenue and interest rate process coincide, i.e. when µ = α, then both the value and the optimal exercise date of the irreversible investment policy can be solved explicitly in terms of the current states and the exogenous variables of the problem. The optimal exercise date is a decreasing function of the initial states x and r. Interpretation goes as follows. Since the project value x is independent of the interest rate and the value of the investment opportunity is a decreasing function of the current interest rate, increased discounting decreases the incentives to hold this option alive and, therefore, speed up exercise and thereby investment. Analogously, we observe that although an increase in the current project value increases the value of the investment opportunity, it simultaneously increases the payoff accrued from exercising the investment opportunity.
Since the latter effect dominates the former, we find that an increase in the current project value unambiguously speeds up investment. Another important implication of our Theorem 2.1 demonstrates how both the value and the optimal exercise date of our problem are related to their counterparts under a constant interest rate. This relationship is summarized in the following. 
7)
and illustrate the potential quantitative role of these qualitative differences we next provide some simple numerical computations. In Table 1 we have used the assumption that c = 1, µ = 1%, β −1 = 3%, r = 5% and x = 0.1 (implying thatt(0.1, 0.05) = 91.6291) so that in this case the long-run steady state of interest is below the current interest rate. As Table 1 and Figure 1 In Table 2 we illustrate our results under the assumption that the long-run steady state interest rate is above the current interest rate. More precisely, we assume that c = 1, µ = 1%, β −1 = 3%, r = 1.5% and x = 0.1 (implying thatt(0.1, 0.015) = 179.176).
Naturally, in this case interest rate variability has the reverse effect on the exercise date and the value of waiting than in the case where the steady state interest rate is below the current rate of interest. Now higher interest rate variability decreases both the exercise date and the value of waiting. 
Proof. See Appendix C. Naturally, the reverse happens whenever the current interest rate is above its long run steady state.
Theorem 2.4 characterizes qualitatively the differences of the optimal exercise policy and the value of investment opportunities with constant and variable discounting. In Figure 3 , we illustrate these findings quantitatively in an example where the steady state interest rater is 3% and the current interest rate is either above the steady state interest rate (the l.h.s. of Figure 3 ) or below the steady state interest rate (the r.h.s. of Figure 3 ). The other parameters are c = 1, µ = 1%, and β −1 = 3%. The solid lines describe the exercise dates in the presence of variable interest rate while the dotted lines the optimal exercise dates with constant interest rate. One can see from Figure 3 that when the current interest rate is above the steady state interest rate, the difference between the exercise dates becomes larger the higher is the current interest rate. Naturally, the reverse happens when the current interest rate is below the steady state interest rate. These simple numerical computations demonstrate that the differences between the exercise dates can be very large if the variability of interest rate is big enough. We also want to point out that if α = µ, then the required exercise premium in the presence of a variable interest rate reads as
whereP (x, r) = µc/(r − µ) denotes the required exercise premium in the presence of constant interest rate. Since rc > (r−µ)x as long as the option is worth keeping alive, we again find that the required exercise premium is higher (lower) in the presence of variable discounting than in the presence of constant discounting whenever the current interest Proof. See Appendix D.
Later on we generalize these properties of the value V (x, r) to cover the case of stochastic interest rate and stochastic revenue. This turns out to be crucial to explore the relationship between interest rate volatility and investment.
Irreversible Investment with Interest Rate Uncertainty
In the analyzes we have carried out thus far, the underlying dynamics for the revenue X t and the interest rate r t has been postulated to be deterministic. The reason for this was that we first wanted to show the impact of variable discounting on the investment decisions in the simpler case in order to provide an easy intuition. In this section we generalize our earlier analysis by exploring the optimal investment decision in the presence of interest rate uncertainty. We proceed as follows. First, we characterize a set of sufficient conditions for the optimality of investment strategy and second, we show how under certain plausible conditions the interest rate uncertainty has the impact of postponing the optimal exercise of investment opportunity.
We assume that the interest rate process {r t ; t ≥ 0} is defined on a complete filtered probability space (Ω, P, {F t } t≥0 , F) satisfying the usual conditions and that r t is described on R + by the (Itô-) stochastic differential equation of a mean-reverting type Given these plausible technical assumptions, we now consider the valuation of the irreversible investment opportunity in the presence of interest rate uncertainty. More precisely, we consider the optimal stopping problem
where τ is an arbitrary F t -stopping time and where we apply the notationV σ (x, r) in order to emphasize the dependence of the value of the optimal policy on the volatility of the underlying interest rate process. In line with our results of the previous section, Dynkin's theorem (cf. Øksendal 1998, pp. 118-120) implies that the optimal stopping problem (3.3) can also be rewritten as in (2.4) with the exception that the early exercise premium now reads aŝ
This type of path-dependent optimal stopping problem is typically studied by relying on a set of variational inequalities which characterizes the value of the associated free boundary problem (cf. Øksendal and Reikvam 1998). Unfortunately, multi-dimensional optimal stopping problems of the type (3.3) are extremely difficult, if possible at all, to be solved explicitly in terms of the current states and the exogenous parameters of the problem.
However, given (3.2) and defining the equivalent martingale measure Q through the likelihood ratio dQ/dP = M t we now find importantly that the two-dimensional path-dependent optimal stopping problem (3.3) can be re-expressed in the more simple path-independent form where exercising the opportunity is suboptimal) the value of the optimal investment policy has to satisfy the familiar absence of arbitrage condition
This states that the expected percentage rate of return from the project has to coincide with the risk free rate of return. Therefore, by expressing the value asV σ (x, r) = r − 1 αβ H(x, r) we observe that prior exercise the absence of arbitrage condition can be re-expressed as
Adjusting the value matching condition accordingly then motivates the problem (3.5) and the underlying stochastic dynamics (3.6). An important requirement (the so-called absence of speculative bubbles condition) guaranteeing the finiteness of the considered valuation is that
which is naturally a stronger requirement than the condition 1 > βµ of the deterministic case.
We can now establish a qualitative connection between the deterministic and stochastic stopping problems (2.3) and (3.3) . This is summarized in the following theorem which could be called the fundamental qualitative characterization of the value of an irreversible investment opportunity in the presence of interest rate uncertainty. This new result shows that under a set of plausible assumptions both the value and the optimal exercise boundary of the investment opportunity is higher in the presence of interest rate uncertainty than in its absence. The main reason for this finding is that since increased interest rate volatility increases the expected value of the claim it simultaneously increases the full cost of investment while leaving the expected project value unchanged. Thus, interest rate uncertainty unambiguously increases the required exercise premium and postpones rational exercise of the investment opportunity. It would be of interest to characterize quantitatively the difference between the optimal policy in the absence of uncertainty with the optimal policy in the presence of uncertainty. Unfortunately, stopping problems of the type (3.3) are seldom solvable and, consequently, the difference between the optimal policies can typically be illustrated only numerically.
Before establishing the sign of the relationship between interest rate volatility and investment, we first present an important result characterizing the form of the value functionV σ (x, r) as a function of the current revenues x and the current interest rate r. This is accomplished in the following. 
Irreversible Investment with Interest Rate and Revenue Uncertainty
After having characterized the relationship between the value and optimal exercise of investment opportunities when the underlying interest rate dynamics was assumed to be a stochastic mean-reverting process and the revenue dynamics was deterministic, we extend the analysis of the previous section. We now assume that the interest rate dynamics follow the diffusion described by the stochastic differential equation (3.1) and that the revenue dynamics, instead of being deterministic, is described on R + by the stochastic differential equation
whereW t is a Brownian motion independent of W t and µ > 0, γ > 0 are exogenously given constants.
Given the dynamics of the process (X t , r t ) we now consider the following optimal stopping problemV
where τ is an arbitrary stopping time and where we apply the notationV σ,γ (x, r) to emphasize the dependence of the value of the optimal policy on the volatility parameters σ and γ. Again, we find that defining the equivalent martingale measure Q through the likelihood ratio dQ/dP = M t implies that the path dependent optimal stopping problem (4.2) can be re-expressed as
where θ andr t are defined as in the previous section. Observing finally that X t = xe µtM t , whereM t = e
γ 2 t is a positive exponential martingale again implies that the value (4.2) is finite provided that the absence of speculative bubbles condition θ > µ is satisfied (otherwise the first term of the value would explode as t → ∞). In line with our previous findings, we can establish the following. slows down rational investment demand by increasing the required exercise premium of a rational investor. It is also worth emphasizing that given the convexity of the value function, combined interest rate and revenue volatility will increase the value and the required exercise threshold compared with the case where the revenues are deterministic.
Conclusions
In this paper we have considered the determination of an optimal irreversible investment policy with variable discounting and demonstrated several new results. We started our analysis by considering the case of deterministic interest rate variability. First, we provided a set of sufficient conditions under which this two-dimensional optimal stopping problem can be solved generally and in an interesting special case explicitly. Second, we demonstrated the relationship between the optimal exercise dates with variable and constant discounting when the interest rate can be below or above the long-run steady state interest rate. More precisely, interest rate variability has a decelerating or accelerating impact on investment depending on whether the current interest rate is below or above the long run steady state interest rate and numerical calculations show that its quantitative size may be very large. Third, we showed that the value of the investment opportunity is an increasing and convex function of the current revenues and a decreasing and convex function of the current interest rate.
We have also generalized our deterministic analysis in two important respects. First, we have explored the optimal investment decision in the presence of interest rate uncertainty, i.e. when the interest rate process is of a mean-reverting type, which lies in conformity with empirics, but fluctuates stochastically, and second, we have allowed for revenue dynamics to follow geometric Brownian motion. In this setting we characterized a set of sufficient conditions which can be applied for the verification of the optimality of an investment strategy. Moreover, we have showed how under certain plausible conditions the interest rate uncertainty decelerates investment by raising the required exercise premium of the irreversible investment opportunity and the value of waiting. Finally, and importantly, we demonstrated that revenue volatility strengthens the negative impact of interest rate uncertainty and vice versa.
An interesting area for further research would be to examine the effects of taxation in the presence of potentially stochastically dependent revenue and interest rate uncertainty. Such an analysis has not been done, and, is out of the scope of the present study and is, therefore, left for future research.
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Given the solutions of the ordinary differential equations (2.1) and (2.2), we observe that (A.1) can be rewritten as
we find that f (t) < 0 for all (x, r) ∈ R 2 + in that case as well and, therefore, that for any initial state on C, the optimal stopping date t * (x, r) satisfying the optimality condition f (t * (x, r)) = 0 exists and is finite.
B Proof of Corollary 2.2
Proof. As was established in the proof of Theorem 2.1, the optimal exercise date t * (x, r)
is the root of µX t * (x,r) = r t * (x,r) (X t * (x,r) − c), that is, the root of the equation
Multiplying this equation with e −µt * (x,r) and reordering the terms yields rx(µβ − 1)e µt * (x,r) = µx(βr − 1) − rc from which the alleged result follows by taking logarithms from both sides of the equation. Inserting the optimal exercise date t * (x, r) to the expression
then yields the alleged value. Our conclusions on the early exercise premium F (x, r) then follow directly from (2.4). Finally, the comparative static properties of the optimal exercise date t * (x, r) can then be established by ordinary differentiation.
C Proof of Theorem 2.4
Proof. With a constant interest rate (i.e. when α ≡ 0), the objective function reads as
Standard differentiation of Π(t) now implies thatt(x, r) = argmax{Π(t)} satisfies the ordinary first order condition µXt (x,r) = r(Xt (x,r) − c). Define now the mappingf (t) = µX t − r t (X t − c). We then find that
since r t r for all t ≥ 0 when r β −1 . However, sincef (t * (x, r)) = 0 we find that t * (x, r) t (x, r) when r β −1 .
Assume that r < β −1 and, therefore, that r t > r for all t ≥ 0. Since µx
for all x ∈ R + we find by ordinary differentiation that E Proof of Theorem 3.1
Proof. As was established in Lemma 2.5, the value of the investment opportunity is convex in the deterministic case. Denote now as
the differential operator associated with the inter-temporally time homogeneous twodimensional process (X t , r t ) in the presence of the deterministic interest rate dynamics (2.2) and asÂ
the differential operator associated with the two-dimensional process (X t , r t ) in the presence of the stochastic interest rate dynamics (3.1). We find that for all (x, r) ∈ C we have that (ÂV )(x, r) − rV (x, r) = 1 2 σ 2 r 2 ∂ 2 V ∂r 2 (x, r) ≥ 0, since (AV )(x, r) − rV (x, r) = 0 for all (x, r) ∈ C by the absence of arbitrage condition dV (X t , r t )/dt = r t V (X t , r t ). Let τ n be a sequence of almost surely finite stopping times converging towards the stopping time τ * = inf{t ≥ 0 : µX t ≤ r t (X t − c)}. Applying for all (x, r) ∈ C. However, since V (x, r) = x − c on R 2 + \C andV σ (x, r) ≥ x − c for all
x ∈ R 2 + , we find thatV σ (x, r) ≥ V (x, r) for all x ∈ R 2 + .
Assume that (x, r) ∈ C. SinceV σ (x, r) ≥ V (x, r) > (x − c), we find that (x, r) ∈ {(x, r) ∈ R 2 + :V σ (x, r) > x − c} as well and, therefore, that C ⊂ {(x, r) ∈ R 2 + :
V σ (x, r) > x − c}, thus completing the proof.
F Proof of Lemma 3.2
Proof. To establish the monotonicity and convexity of the value functionV σ (x, r) as a function of the current revenues x, we first define the increasing sequence {V n (x, r)} n∈N is an almost surely decreasing and strictly convex function of the current interest rate r and, consequently, that the value function is decreasing and strictly convex as a function of the current interest rate r.
G Proof of Theorem 3.3
Proof. We know from Lemma 3.2 that given our assumptions, the valueV σ (x, r) is convex in r. Consequently, we find that for all (x, r) ∈ R 2 + we have that where τ n = τ ∧ n ∧ inf{t ≥ 0 : X 2 t + r 2 t > n} is an almost surely finite stopping time and r t denote the interest rate process subject to the less volatile dynamics. Reordering 
